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Abstract. We provide a corrector theory for the strong approximation of 
fields inside composites made from two materials with different power law 
behavior. The correctors are used to develop bounds on the local singularity 
strength for gradient fields inside micro-structured media. The bounds are 
multi-scale in nature and can be used to measure the amplification of applied 
macroscopic fields by the microstructure. 



1. Introduction 

In this article we consider boundary value problems associated with fields inside 
heterogeneous materials made from two power-law materials. The geometry of the 
composite is periodic and is specified by the indicator function of the sets occupied 
by each of the materials. The indicator function of material one and two are 
denoted by xi an d X2, where Xi(u) = 1 m material one and is zero outside and 
X2(y) — 1 — Xi(u)- The constitutive law for the heterogeneous medium is described 
by 4 : 1" x 1M K n , 

A(y,Z) = v(y)\t\« v) -*t, (1.1) 

with cr(y) = xi (y) ci + x.2 (y) <?2, and p(y) = xi (y)Pi + X2 (y)p2, periodic in y, 
with unit period cell Y = (0, 1)™. This simple constitutive model is used in the 
mathematical description of many physical phenomena including plasticity |191 1201 
[H |IT], nonlinear dielectrics [TUJ EJ [T31 US HJ, and fluid flow [IU [2]. We study 
the problem of periodic homogenization associated with the solutions u e to the 
problems 

-<fiw(.A(-,V«e)) = / on il, u t g Wo Pl (n), (1.2) 

where 51 is a bounded open subset of R™, 2 < pi < P2, f € W~ l q2 (f2), and 
1/pi + l/<72 = 1< The differential operator appearing on the left hand side of (|1.2p 
is commonly referred to as the p e (x)-Laplacian. For the case at hand, the exponents 
p(x) and coefficients cr{x) are taken to be simple functions. Because the level sets 
associated with these functions can be quite general and irregular they are referred 
to as rough exponents and coefficients. In this context all solutions are understood 
in the usual weak sense [28 . 
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One of the basic problems in homogenization theory is to understand the asymp- 
totic behavior as e — > 0, of the solutions u e to the problems (|1.2j) . It was proved in 
[2"B] that {it £ } e >o converges weakly in W 1,Vl (Vl) to the solution u of the homogenized 
problem 

-div{b(Vu)) = / on n, u 6 W 1,Pl (O), (1.3) 

where the monotone map 6 : R" — )• M n (independent of / and f2) can be obtained 
by solving an auxiliary problem for the operator (|1.2[) on a periodicity cell. 

The notion of homogenization is intimately tied to the T-convergence of a suitable 
family of energy functionals I € as e — > [5] , . Here the connection is natural in 
that the family of boundary value problems (11.31) correspond to the Euler equations 
of the associated energy functionals I e and the solutions u e are their minimizers. 
The homogenized solution is precisely the minimizer of the T-limit of the sequence 
{J £ } e >o. The connections between T limits and homogenization for the power-law 
materials studied here can be found in [28] . The explicit formula for the T-limit 
of the associated energy functionals for layered materials was obtained recently in 

hfj. 

Homogenization theory relates the average behavior seen at large length scales 
to the underlying heterogeneous structure. It allows one to approximate {Vit e } £ >o 
in terms of Vu, where u is the solution of the homogenized problem (|1.3j) . The 
homogenization result given in [28] shows that the average of the error incurred in 
this approximation of Vu e decays to 0. 

On the other hand it is well known [T^] that the presence of large local fields 
either electric or mechanical often precede the onset of material failure. For com- 
posite materials the presence of the heterogeneity can amplify the applied load and 
generate local fields with very high intensities. The goal of the analysis presented 
here is to develop tools for quantifying the effect of load transfer between length 
scales inside heterogeneous media. In this article we provide methods for quanti- 
tatively measuring the excursions of local fields generated by applied loads. We 
present a new corrector result that delivers an approximation to Vit e up to an 
error that converges to zero strongly in the norm. Our approach delivers strong 
approximations for the gradients inside each phase, see, Section [2. 2 .11 

The strong approximations are used to develop new tools that provide lower 
bounds on the local gradient field intensity inside micro-structured media. The 
bounds are expressed in terms of the L q norms of gradients of the solutions of the 
local corrector problems. These results provide a lower bound on the amplification 
of the macroscopic (average) gradient field by the microstructure. The bounds are 
shown to hold for every q for which the gradient of the corrector is L q integrable see, 
Section ^. 2.21 The critical values of q for which these moments diverge provide lower 
bounds on the L q integrability of the gradients Vit e when e is sufficiently small. In 
[15] . similar lower bounds are established for field concentrations for mixtures of 
linear electrical conductors in the context of two scale convergence. 

The corrector results are presented for layered materials and for dispersions of 
inclusions embedded inside a host medium. For the dispersed microstructures the 
included material is taken to have the lower power-law exponent than that of the 
host phase. For both of these cases it is shown that the homogenized solution lies in 
W 1,P2 (n). We use this higher order integrability to provide an algorithm for build- 
ing correctors and construct a sequence of strong approximations to the gradients 
inside each material, see Theorem l2.6l When the host phase has a lower power-law 
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exponent than the included phase one can only conclude that the homogenized 
solution lies in Wq' Pi (SI) and the techniques developed here do not apply. 

The earlier work of [5] provides the corrector theory for homogenization of mono- 
tone operators that in our case applies to composite materials made from con- 
stituents having the same power-law growth but with rough coefficients a(x). The 
corrector theory for monotone operators with uniform power law growth is devel- 
oped further in [7], where it is used to extend multiscale finite element methods to 
nonlinear equations for stationary random media. Recent work considers the ho- 
mogenization of p e (x)-Laplacian boundary value problems for smooth exponential 
functions p e (x) uniformly converging to a limit function po(x) pQ. There the con- 
vergence of the family of solutions for these homogenization problems is expressed 
in the topology of L Po ^(n) Q]. 

The paper is organized as follows. In Section 2, we state the problem and 
formulate the main results. Section 3 contains the proof of the properties of the 
homogenized operator. Section 4 is devoted to proving the higher order integrability 
of the homogenized solution. Section 5 contains lemmas and integral inequalities 
for the correctors used to prove the main results. Section 6 contains the proof of 
the main results. 

2. Statement of the Problem and Main Results 

2.1. Notation. In this paper we consider two nonlinear power-law materials peri- 
odically distributed inside a domain Q C M™. The periodic mixture is described as 
follows. We introduce the unit period cell Y = (0, 1)™ of the microstructure. Let 
F be an open subset of Y of material one, with smooth boundary dF, such that 
F C Y, The function xi(u) = 1 inside F and outside and x^iv) = 1 — Xi{y)- 
We extend and xziv) by periodicity to R n and the e-periodic mixture in- 

side Q is described by the oscillatory characteristic functions xl( x ) = Xi( x / e ) an d 
X\{ x ) — X2( x / e )- Here we will consider the case where F is given by a simply 
connected inclusion embedded inside a host material (see Figure [I}. A distribution 
of such inclusions is commonly referred to as a periodic dispersion of inclusions. 




Figure 1. Unit cell: Dispersed Microstructure 

In this article we also consider layered materials. For this case the representative 
unit cell consists of a layer of material one, denoted by sandwiched between 
layers of material two, denoted by i?2- The interior boundary of R\ is denoted by 
T. Here Xi{y) = 1 for y S -Ri and in R 2 , and X2{y) = 1 — Xi(y) ( see Figure^). 

On the unit cell Y, the constitutive law for the nonlinear material is given by 
(jl.ip with exponents p\ and p 2 satisfying 2 < p\ < P2- Their Holder conjugates 
are denoted by q 2 — Pi/(pi — 1) and q\ = pij(j>2 — 1) respectively. For i = 1,2, 
Wh p . i (Y) denotes the set of all functions u S W 1 ' Pi (Y) with mean value zero that 
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R 2 Ri 



Figure 2. Unit cell: Layered material 



have the same trace on the opposite faces of Y. Each function u £ (Y) can 

be extended by periodicity to a function of W z *' ( ? i (R n ). 

The Euclidean norm and the scalar product in R n are denoted by | • and (•,•), 
respectively. If A C K", \A\ denotes the Lebesgue measure and xa{x) denotes its 
characteristic function. 

The constitutive law for the e-periodic composite is described by A e (x,^) = 
A (x/e, £), for every e > 0, for every x £ tt, and for every £ £ R™. 

A calculation shows [3] that there exist constants C\ , C2 > such that for almost 
every x £ M. n and for every £ £ K™, A satisfies the following 

(1) For all £ £ R", A(-,£) is F-periodic and Lebesgue measurable. 

(2) L4(y,0)| = for all y e R". 

(3) Continuity 

\A(y,Ci) ~ A(y,h)\ < C x [ Xl (y) |£i -fcl (1 + 161 + |6l) Pl ^ 2 

+ x 2 (2/)iei-6i(i + iai + i6i) P2 " 2 ] (2.1) 

(4) Monotonicity 

(Afatf-AfabMi-b) > C 2 ( X i(y) +x 2 (y) |6 -6D (2.2) 

2.2. Dirichlet Boundary Value Problem. We shall consider the following Dirich- 
let boundary value problem 



— div (A t (x, Vit e )) = / on il 



where / £ W' 1 '^^). 

The following homogenization result holds. 

Theorem 2.1 (Homogenization Theorem (see [IB]))- As e —> 0, the solutions u e 

of \2.3\) converge weakly to u in W 1,Pl (fl), where u is the solution of 

-div{b(Vu)) = f onVL, (2.4) 

ueWo Pl {Q); (2.5) 
and the function b : R™ — > R™ is defined for all £ £ R™ by 

b(0 = J A(y,p(y,0)dy, (2.6) 

where p : R" x R™ -> R n is defined by 

p(y,0 = £ + V^(y), (2.7) 
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where is the solution to the cell problem: 

(A(y, £ + Vug), Viu) = 0, for every w € W^ 1 (Y), 



(2.8) 

Remark 2.2. The following a priori bound is satisfied 

sup/ / x\{x) \Vu e (x)\ Pl dx + [ xt( x ) \Vu e (x)\ P2 dx ] < C < oo, (2.9) 



where C does not depend on e. The proof of this bound is given in Lemma 15.51 

Remark 2.3. The function b, defined in (|2.6[) . satisfies the following properties for 
every 6,6 eR" 

i 1 : Continuity: There exists a positive constant C\ such that 

16 - 61^ (1 + 16 P + 16 P + 16 P + I6P)^ 



|6(6) - 6(6)1 <<?; 

+ 16-61^(1 + 161^ - k, '" i.P 



(2.10) 



(2) Monotonicity: There exists a positive constant C*2 such that 

(6(6) 6 -6) 
> Ci (J xiiv) \p(v, 6) - p(v, 6)P rfy + J &(y) \p(y, 6) - p(v, 6)P <fy 

>0 (2.11) 

Properties (|2 . 10[) and (|2.1ip are proved in Section [3] 

Remark 2.4. Since the solution of (|2.8p can be extended by periodicity to a 
function of W^ 1 (R n ), then (|2T5j) is equivalent to -div(A(y, £ + (y))) = over 
£»'(K"), i.e., 

- dw(A(y,p(y,6)) = in D (R n ) for every £ £ R™. (2.12) 
Moreover, by (12.81) . we have 

(A(y,p(y, 0),p(v, 6) rfy = J y (A(y, P (y, 6), <*» = (6(6, 6 • (2-13) 

For e > 0, define p e : R" x R" -> R" by 

p e (z,0=p(~,£)=£ + Vu*(~), (2.14) 

where is the unique solution of (I2.8[) . The functions p and p e are easily seen to 
have the following properties 

p(-,6 is F-periodic and p e (x,£) is e-periodic in x. (2-15) 

p(y,0dy = Z- (2.16) 



p e (-,0 -» £ in L pl (0;R n ) as e -»• 0. (2.17) 
0) — for almost every y. (2-18) 

A(- e) p e {;0) ^6(6 ini^(Q;R"), as e -> 0. (2.19) 
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We now state the higher order integrability properties of the homogenized solu- 
tion for periodic dispersions of inclusions and layered microgeometries. 

Theorem 2.5. Given a periodic dispersion of inclusions or a layered material then 
the solution u of \2.1$ belongs to Wq' P2 (fl). 

The proof of this theorem is given in Section |4j 

2.2.1. Statement of the Corrector Theorem. We now describe the family of cor- 
rectors that provide a strong approximation of the sequence {XiVu c } e>0 in the 
L Pi (f2,R") norm. We denote the rescaled period cell with side length e > by Y e 
and write Y e L = ei + Y e , where i g Z". In what follows it is convenient to define the 
index set I e = {i G 1 n : Y* C 0.}. For tp G L P2 (ft;R"), we define the local average 
operator M e associated with the partition Y£, i G I e by 

L x^Wiyij / v(y)dy, iixe [J Y e> 

M e (ip)(x) = e JY ' (2.20) 

ifaefi\(J*7- 

The family M £ has the following properties 

(1) Fori = 1,2, ||M e (^)-^|| iW(n . R „ ) ^0ase^-0(see[2l]). 

(2) M e (ip) -> tp a.e. on fi (see [25] j. 

(3) From Jensen's inequality we have ||M e ((/3)|| iP ^ n . RIl - ) < MI^^r™): 

for 

every ip G V 1 (fi; R") and % = 1, 2. 
The strong approximation to the sequence {\\ Vit e } £>0 is given by the following 
corrector theorem. 

Theorem 2.6 (Corrector Theorem). Let f G W _1 ' 92 (f2), fei u e be the solutions to 
the problem and let u be the solution to problem \2.J$ . Then, for periodic 

dispersions of inclusions and for layered materials, we have 



\xt{x)Pe (x,M e (Vu)(x)) - xt{x)Vu e (x)\ p * dx -> 0, (2.21) 

as e — > 0, for i = 1,2. 

The proof of Theorem 12.61 is given in Section 16.11 

2.2.2. Lower Bounds on the Local Amplification of the Macroscopic Field. We dis- 
play lower bounds on the L q norm of the gradient fields inside each material that are 
given in terms of the correctors presented in Theorem l2.6l We begin by presenting 
a general lower bound that holds for the composition of the sequence {x|Vu e } e >o 
with any non-negative Caratheodory function. Recall that tp : f2 X R™ — ► R is a 
Caratheodory function if ip(x, •) is continuous for almost every x G f2 and if tp(-, A) 
is measurable in x for every A G R™. The lower bound on the sequence obtained by 
the composition of ip{x, •) with xt(x)Vu e (x) is given by 

Theorem 2.7. For all Caratheodory functions ip > and measurable sets D C f2 
we have 



ip (x,Xi(y)p(y,^ u ( x ))) dydx < liminf / ip (x, Xi (x)Vu e (x)) dx. 
idJy Jd 

If the sequence {ip (x, x^(cc)Vw e (a;))} c> Q is weakly convergent in L 1 ^), then the 
inequality becomes an equality. 
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In particular, for ip(x, A) = |A| 9 with q > 2, we have 

I I X t (y)\p(y,Vu(x))\ q dydx<\immf f x.l(x) \Vu e (x)\ q dx. (2.22) 
JdJy Jd 

Theorem 12 . 71 together with (I2.22|) provide explicit lower bounds on the gradient 
field inside each material. It relates the local excursions of the gradient inside each 
phase xV^ u e to the average gradient Vit through the multiscale quantity given by 
the corrector p(y, V«(i)). It is clear from (|2.22p that the L q {Y x ft) integrability 
of p(y, Vm(cc)) provides a lower bound on the L q (n) integrability of Vu e . 

The proof of Theorem 12.71 is given in Section 16.21 



3. Properties of the Homogenized Operator b 

In this section, we prove properties (|2.10|) and (|2.11|) of the homogenized operator 
b. In the rest of the paper, the letter C will represent a generic positive constant 
independent of e, and it can take different values. 

3.1. Proof of dUII])- Using ([23) and ([23), we have 
(&(&) - 6(a), 6 - £i) = / (A(y, P (y, 6)) - A(y,p(y, Zi)),p(y, 6) - P(y, 6)) dy 



> c [J Y Xi(y) |p(y,6) -p(v,b)r dy + J^iv) Mv,ti) -p(y,&)r dy 

> o. 

3.2. Proof of flUHg). By J2T]), Holder's inequality, and ([22]) we have 

|6(&)-&(6)| < / (3.i) 



<ci^J Y Xi(y) |pG/,&)-p(z/,6)r dy 

x ^jTxi(y)(i + |p(»,ei)l + |p(», 6)1 )"-•"" 2i '/'/ 
+ cU X 2{y) \p(y^i)-p(y,^)\ P2 dy 
x (J y Mv)0- + \p(v,ti)\ + \p{y,i2)\) qi(P2 - 2) dy 

: c [ / (^(i/, P (y, eo) - A(y,p(i/, & )),?(», a) - pfo, 6 ? > </.</ 

/ xi(y)(i + b(y,6)l + \p{y,£,2)\y [vi - 2) dy 

C I {A(y,p{y,b))-A(y,p(y,&)),p(y ) &)-p(y.i2)ul!i 

X2(y)(i + |p(y,a)l + Wy,6)l) 9l(P2 " 2) rfy 
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Using (|3.1[) . (|2.8[) . (|2.6p . the Cauchy-Schwarz inequality, Lemma 1531 and Young's 
inequality we obtain 



< C 



Pi P2 

l <r g2 la - ^i^ 1 (i + iar + I6P + la p + 16 njg; 

, 16-61^ (i + I6P + I6P + I6P + i^n 1 ^ 

9i 

Rearranging the terms in (|3.1[) , and taking 6 small enough we obtain (|2.10[) 

4. Higher Order Integrability of the Homogenized Solution 

In this section we display higher integrability results for the field gradients inside 
dispersed microstructures and layered materials. For dispersions of inclusions, the 
included material is taken to have a lower power-law exponent than that of the 
host phase. For both of these cases it is shown that the homogenized solution lies 
in Wg 1,P2 (i7). In the following sections we will apply these facts to establish strong 
approximations for the sequences {xt^ u e}e>Q m L P2 (fi,R n ). The approach taken 
here is variational and uses the homogenized Lagrangian associated with &(£) defined 
in (|2.6I) . The integrability of the homogenized solution u of (|2.4I) is determined by 
the growth of the homogenized Lagrangian with respect to its argument. 

To proceed we introduce the local Lagrangian associated with power-law com- 
posites. The Lagrangian corresponding to the problem studied here is given by 

f(x,0 = q(x) \e ix) , with q(x) = ^ Xl (x) + ^(x), (4.1) 

Pi P2 

where £ € R" and x 6 fl C R™. Here Vf/(a:,£) = A(x,£), where A(x,0 is given 
by (TO) . 

We consider the rescaled Lagrangian 

fe(x,0 = /(-,?) = ^ X \(x) IC| P1 + -Xl(x) \e 2 , (4-2) 

where xt{%) = Xz {x/e), i = 1, 2, £ e R™, and x e O C R n . 

The Dirichlet problem given by (|2.3p is associated with the variational problem 
given by 



E\{f) = inf / f e (x, Vu)dx - (/, u) , (4.3) 

ueWg- P1 (n) Un J 

with / £ W~ 1,q2 (fi). Here (|2.3p is the Euler equation for (|4.3|) . However, we also 
consider 



= inf / Vu)dx - (/, u> , (4.4) 
ueWg- P2 (n) Un J 

with / e W~ l ' q,2 (Q.) (See [26]). Here (•, •) is the duality pairing between Wq' Pi (Q) 
and W-^-iVt). 

From [2S], we have lim .E| = E^ for i = 1, 2, where 

A= inf (/" fi(Vu(x))dx -</,«>}. (4.5) 
ueiv 1 ' Pi (n) Usj J 
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In (US), is given by 

!i(0= inf / /W + Vv(y))dy (4.6) 

« in WpiP (Y) JY 

and satisfies 

- co + Cl icr < ko < C2 icr + <%. (4.7) 

In general, (see |27j ) Lavrentiev phenomenon can occur and i?i < E 2 . However, 
for periodic dispersed and layered microstructures, no Lavrentiev phenomenon oc- 
curs and we have the following Homogenization Theorem. 

Theorem 4.1. For -periodic dispersed and layered microstructures, the homogenized 

Dirichlet problems satisfy E\ = E 2 , where f = fi = f 2 and c 2 + C\ |£| P2 < /(£)• 

Moreover, V^/(^) = &(£), where b is the homogenized operator i2.6\) . 

Proof. Theorem 14.11 has been proved for dispersed periodic media in [28] . We prove 
Theorem 14.11 for layers following the steps outlined in [28 . 

We first show that / = /1 = / 2 holds for layered media. Then we show that the 

homogenized Lagrangian / satisfies the estimate given by 

-co + Cl |£p </(£)<c 2 |£r +co (4.8) 

with Co > 0, and ci,C2 > 0. 

We introduce the space of functions W*' P2 (R 2 ) that belong to W 1 ' P2 (R 2 ) and 
are periodic on dR 2 H dY. 

Lemma 4.2. Any function in v € can be extended to R\ in such a way 

that the extension v(y) belongs to W^ 2 {Y) and v{y) = v(y) on R 2 . 

Proof. Let ip to be the solution of 

A P2 ip = , on Ri 

if takes periodic boundary values on opposite faces of dY n dR\ 

(p\ = V\ , on L 

1 1 1 2 

Here the subscript 1 indicates the trace on the Ri side of T and 2 indicates the 
trace on the R 2 side of T. For a proof of existence of the solution <p see [5] or [14] . 
The extension v is given by 

{v , in R 2 . 
if , on Ri. 

□ 

To prove that f\ = f 2 , it suffices to show that for every v £ Wh pi (Y) satisfying 
J + ^ v (y))dy < 00 there exists a sequence v e £ W^^iY) such that 

lim J f{y, £ + Vv,(y))dy = J f(y, £ + Vv{y))dy. 



For v as above, let v be as in Lemma 14.21 and set z = v — v. It is clear that 
z G W 1 ^ 1 (i?i), is periodic on opposite faces of dY n dRi, zero on T and we write 

/ f(y,Z + Vv(y))dy= f f 2 (C + Vv(y))dy+ f f^ + Vv(y) +Vz(y))dy, 
Jy Jr 2 Jri 
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where/ 1 (0 = £|£| w and / 2 CC) = ff l€| P2 - 

We can choose a sequence {z e } e>0 E C^(Ri) such that z e vanishes in R 2 and 
z € -> z in W l > Pl {Rx). 

Define v e e W^^ 2 (r) by 

{u in i? 2 , 

u + z e in Hi . 

Since u e — > v in W^f! 1 (F) , we see that 
lim / f(y,£ + \7v e (y))dy 



H {J R m + Vv ^ d y + / f& + + ^ z ^y)) d v 

f(y,Z + Vv(y))dy. 



Y 



Therefore f = fi = f 2 for layered media. 

We establish (|4.8I) by introducing the convex conjugate of /. We denote the 
convex dual of /»(£) by <?j(£); i.e., <?i(£) = sup It; ■ A — /i(A) f . It is easily verified 
(see US]) that 



^(0= . taf / g(2/,e + ^(y))rfy (4.9) 

10 in Sol^i (Y) J y 

and 

-co+c^r <Mo<^ier+co. (4.10) 

Here Sol 9i (Y) are the solenoidal vector fields belonging to L 9i (Y,R") and having 
mean value zero 

Sol qi (Y) = {we L q *(Y;M. n ) :divw = 0,wn anti-periodic} . 

We will show that g = g\ = g 2 satisfies g(£) < c 2 \£,\ qi +c%, and apply duality to 
recover /(£) > c* 2 |£| P2 + cj. 

To get the upper bound on g we use the following lemma. 

Lemma 4.3. There exists r with divr — OinY, such that t ■ n is anti-periodic on 
the boundary ofY, r — — £ in R\, and 

\r(y)\ qi dy<C\t\*. 

Y 

Proof. Let the function ip € Wl ,P2 (R 2 ) be the solution of 

Vip\ V(p\ p ~ 2 ■ n is anti-periodic on dR 2 n dY; 
A P2 ip — in R 2 ; 

Vtp\Vtp\ P2 ~ 2 -ni =-£-ni ; on T, 
I2 1 1 

where the subscript 1 indicates the trace on the i?i side of T and 2 indicates the trace 
on the R 2 side of T. The Neumann problem given above is the stationarity condition 

for the energy / \V<fi\ P2 dx — / 4>£ -ndS when minimized over all cj) G W*' P2 (R 2 ). 
Jr 2 Jr 
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The solution of the Neumann problem is unique up to a constant. Here the anti- 
periodic boundary condition on Vip\ Vy>| p ~ 2 • n is the natural boundary condition 
for the problem. 

Now we define r according to 



-6 



P2-2 . 



in Ri 
in R 2 



and it follows that 

ICI 91 ; 



IP2-2 



(v^|v^| 

Then, for ijj e W^ P2 {R 2 ) we have 
Jr 2 

i/i\V<p\ p2 ~ 2 V<p-ndS 



P2 — 1 



in i?! 
in i? 2 - 



■0 |V(/?| P2 2 V<p ■ ndS 



n-2 



Set ip = ip ia (|4. 1 2f) and an application of Holder's inequality gives 



JV 2 



H 2 



Therefore, using f|4. and (|4.13l) . we have 



\r{y)\ qi dy= / \r(y)rdy+ / \r(y)r dy 



I \i\ qi dy+ [ \V<p(y)\ P2 dy<C 
Jr.! Jr 2 



kT' 



(4.11) 



(4.12) 



(4.13) 



□ 



Taking g to be the conjugate of /, and choosing t in Sol qi (Y) as in Lemma [4~3l 
we obtain 



HO = inl 

t in Sol q i(Y) J Y 



g(y,t + T)dy < J^g(y,£ + T)dy 
<[ g(y,0)dy+ [ ~g{y,( + T)dy < Cl +c 2 [ \£ + r\ qi dy < ci + c 2 |£| 

JR! JRi JRi 



and the left hand inequality in (|4.8[) follows from duality. 
This concludes the proof of Theorem 14.11 



□ 



Collecting results we now prove Theorem 12.51 Indeed the minimizer of Ei is 
precisely the solution u of (|2.4p and (|2.5I) . Theorem 14.11 establishes the coercivity 
of Ei over W^' P2 (n), thus the solution u lies in W 1,P2 (fi). 
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5. Some Useful Lemmas and Estimates 

In this section we state and prove a priori bounds and convergence properties 
for the sequences p e defined in (|2.14p . Vu e , and A e (x,p e (x, Vu e )) that are used in 
the proof of the main results of this paper. 

Lemma 5.1. For every £ 6 W 1 we have 

xi(y) \p(y,0\ pi dy + J^ X 2(y) \ P (y,0\ P2 d y <c(i + |£p e 1 + \^ 2 e 2 ) , (5.1) 

and by a change of variables, we obtain 

X\(x) \p t (x,0\ Pl dx + J xi(x) \Pe(x,0\ P2 dx < C (1 + |£p 0i + KP &) \Y e \ 

(5.2) 

Proof. Let By (HHJ) we have that 

(A(y, p{ Vi 0), p(», 0) > C (xi (y) \ P (y, OP + X2 (y) \ P (y, OP ) 

Integrating both sides over Y, using (|2.ip . and Young's Inequality, we get 

f -i(y)\p(y,0r 



xi(y)\p(y,0\ dy + / X2{y)\p{y,£)\ dy 

y Jy 



< C 



{8 q *6 1 +5 qi e 2 ) 



$pi $P2 

+ Uxi(y) \p(y,0\ pi dy + J^iy) b(2/,0P dy 

Doing some algebraic manipulations, we obtain 

(1 - C(S^ + (j xx{y) \p(y, OP dy + J^ Xa(tf) \p(y, OP dy 

< c [(a»0i + sp-fa) + (s- pi |£p 0! + s- p2 |£p e 2 )] 



On choosing an appropiate 5, we finally obtain (|5.1| . □ 
Lemma 5.2. For every 6>6 € K™ we /lave 

xi(iO|p(y,£i)-p(y,$Ordy+ / X2(y)b(y,a)-P(y,6)rrfy (5.3) 



< C 



(i + I6P ^1 + 16 P ^ + I6P 0i + I6P 2 )^ 16-61^ o^ 1 



P2~ 2 po - 

+ (i + |6P 0i + lap 02 + I6P 0i + lap 2 )^ la - 61^ 2 P2 " 

and &?/ doing a change a variables, we obtain 

xZ(x)\p c {x,Zi)- Pe (x,t 3 )\ Pl dx+ [ xl(x)\ P e(x^i)- P e(x,^)\ P2 dx (5.4) 

Y, JY, 

< c 



(i + |6 p 0i + |6 P 02 + |6P 0i + 16 P 2 )^ 16 -61^ or 1 



P2~ 2 P2 

+ (i + 16 P 0i + 16 P 02 + 16 P 0i + I6P 02)^ 16 - 6I~ 



\Y\ 
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Proof. By (pOj) . ([2T8]) . and (|2T|) we have that 

xi(y) |p(y,6) -p(y,6)l pi + / X2(y) |p(j/,6) -p(y,6)l P2 rf y 



< Cj \A(y,p(y,^)) - A(y,p(y^ 2 ))\ |& -&|dy 



< C 



xi(y) Ip(z/,6) -p(?/,6)I (i + |p(y,6)l + IpO/,6)I) p1 ~ 2 l€x -6M2/ 



+ _/ X2(i/)|p(v,fc)-p(y, 6)l(i + |p(2/,6)l + |p(y,6)ir 2 16 -61*/ 

Using Holder's inequality in the first term with r% — p\j (pi — 2), r2 = Pi, »"3 = Pi, 
and in the second term with si = pij($i — 2), S2 = P2i s 3 = P2, and using 
Lemma 15.11 we obtain 



< C 



(1 + iar ^1 + lar o 2 + i&r 0i + I6r 02) 



x ia-6i^r yixxiv) ip(y,£i) -pfti.wr* 
(i + i6r e 1 + iar e 2 + i6i pi 0i + &r 2 )^ 



x 16-61^ ( /^X2(y)|p(2/,6)-p(2/,6)l P2 rfy 



By Young's inequality, we get 



< C 



(Pl-2)g 2 «2- 

92 



<5 P1 / xi(y)|p(y,ei)-p(j/,6)r rfy / xa(i/)|p(i/,6)-p(y,6)rd» 



Pi 



(1 + iar 0i + I6I P2 02 + 16 r 1 01 + I6r 2 02 



P2 

(P2~ 2 )91 



16 -6 1 91 02 2 



Straightforward algebraic manipulation delivers 

ks yj xi{y) |p(y,6) -p(2/,6)l pi d v + J X2(y) Ip(s/>6) -p(y,6)l P2 dy 



< c 



92 

p 2 — 2 p 2 1 

s- qi (i + I6T 0i + I6I P2 02 + I6I P1 0i + I6I P2 02)^ 16 - 6I~ 2 P2 " 



where ks = min < ( 1 



in{(l 



)}■ 



Pi / \ P2 

The result follows on choosing S small enough so that kg is positive. 



□ 
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Lemma 5.3. Let ip be such that 



supi / xl(x)\ip{x)\ Pl dx+ / X \{x) \<p{x)f dx ) < oo. 
e>o IJn Jn 



and let ^ be a simple function of the form 



3=0 



(5.5) 



with rij G R n \ {0}, Qj CC SI, |<9%| = 0, % D Q fc = /or j ^ and j, fc = 1, m; 
and set 770 = and SIq = Sl\\^j Slj . Then 



limsup / Xi(^) ^e^(^)) -Pe(z, ^(x))!'' 1 dx 



xS(a:) |p e (a:, M e cp(x)) - p e {x, V(x))\ P2 da; 



(5.6) 



< limsup C V + / 



\n\+ / x!wi^)r^+ / xi(x)Mx)rdx 

In Jn 



+ xl(x)\*(x)\ Pl dx+ xZ(x)M*)r<te 



x ( / Xt(x)\(f(x) -*(x)\ Pi dx 
In 



Pj-2 
Pi-1 



Proof. Let "J of the form (|5.5[) . For every e > 0, let us denote by f2 c = Y*; and 
for j — 0, 1, 2, 771, we set 



2* = {7 G I e : C fij} , and J e J = {iel e : F e * n Slj ^ 0, Y e l \ Slj ^ 0} 



Furthermore, £^ = [J Y € \ = |J Y^, and as e ->- 0, we have ->• 0. 
Set 



tell 



te.ll 



For e sufficiently small Slj (j ^ 0) is contained in Sl e 
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From (f5T5]> . (pOO]) . using the fact that % C E{ U F*, Lemma EH and Holder's 
inequality it follows that 



Xl{x)\ Pe (x,M e <p) - p e (x,V)\ Pl dx + / X e 2 {x)\Pe(x,M e ^) - p e {x 7 V)\ P2 dx 
o Jo 



< C 



+ I x l(x)\M e <p-<p\ Pl dx+ / X \{x)Wrdx+ / xiWI^-vrda; 
si Jo Jo 



+ / X2 ^)I^)P^ + / xl(x)Mx)\ Pl dx+ / x 2 (x)|*(x)| P2 dx 

JO JO JO 



Pl-2 
PI - 1 



x / XiWI^-^r^+ / xi(a;)b-*rdiB 
\Jo Jo 

+ (|fi|+ / xKx)\M e <p-tp\ Pl dx+ [ xt(x)\v\ Pl dx+ [ xl(x)\M e <p-<p\ P2 dx 
\ Jo Jo Jo 



+ / xl(x)Mx)\ P2 dx+ / xl(x)Mx)\ Pl dx+ / xl(x)\*(x)\ P2 dx 
JO JO Jo 



x ( / X 2(x)\M^-ip\ P2 dx+ / xUx)\<P-*rd* 
In Jn 



P2- 1 



3=0 

h\ Pl dl\F^\ + h\ P2 02\Fi\)^ , 



Fj>\+ / |M e (^(a;)| w 6'idx+ / |Af e ^(x)| P2 6> 2 dx 

F. J J 



da; 



+ l|F e J |+/ |M £ ^(x)r i 0idx+ / |M £ ^(x)| P2 # 2 dx 

'Ff Jf/ 



+ i^r ei\Fi\ + \ Vj r 02\f> 



P2~ 2 
P2 - 1 



P 2 \ 

dx 



(5.7) 



Since \dSlj\ — for j ^ 0, we have that \F£ | — > as e — ► 0, for every j 
0,l,2,...,m. 

By Property (1) of M e mentioned in Section [2. 2 .11 we have 



f xK*)\Me<p(x)-<p( X )f 

Jo 



— > 0, as e — ► 0, for i = 1, 2. 



Therefore, taking limsup as e — » in (|5.7[) . we obtain (|5 . Gj) . 



□ 



Lemma 5.4. If the micro structure is dispersed or layered, we have that 
sup \ / xf (x) |p 6 (a;, M t Vu(x))\ p ' dx \ < C < oo, for i= 1, 2. 

e>0 LJo J 
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Proof. Using (|2.20[) . we have 

x[{x)\p e (x,M e Vu(x))\ Pl dx + I X e 2{x)\Pe(x,M e Vu(x))\ P2 dx 



= E / \\(')|/'.(.r.C)|'" </•<•+ / \.(-') \l>,U.C,)r<l.r 



< c 



(|fi| + ||Vti||£ 1(n) + ||Vt 



< oo, 



lLP2(Q)^ 

where the last three inequalities follow from Lemma I5.1[ Jensen's inequality, and 
Theorem E3 □ 

Lemma 5.5. Let u f be the solution to t2.3\). Then \2. 9\) holds. 



Proof. Evaluating u e in the weak formulation for (|2.3I) . applying Holder's inequality, 
and since / G W^ 1 ' q2 (fl), we obtain 



(A e (x, Vu £ ), Vu t )dx = tTi / x\{x)\Vu t \ Pl dx + 0-2 / Xz( x ) |V« e | p 2 dx (5 



= (f,u £ )<C 



X \{x) \Vu t \ P1 da: + / xl( x ) iVuel" 2 dz 



Applying Young's inequality to the last term in (|5.8[) . we obtain 
<ri / Xl(x)|Vu e r rfx + fja / xl{x)\Vu e \ P2 dx 



(5.9) 



< C 



S~12 $P2 



— / xi(^) |V Ue r + + — / x 2 (z) \Vu e r dx 

Pi Jn 



S-ii 



12 P2 Jn 
By rearranging the terms in (|5.9p , one gets 

J p 



tri-C- 

Pi J Jn 

S-Q2 §-qi 



< 



92 9i 

Therefore, by choosing 8 small enough so that min joi — C^-,<J2 — C^-j is 
positive, one obtains 



xl(x)\Vu e (x)\ Pl dx+ / X2 W|V Me (x)| P2 ^<C. 



□ 



Lemma 5.6. For all j = 0, ...,m, we have that / \(A e (x,p e (x, r)j)) , Vu e (x))\ dx 

Jn^ 

and I \(A e (x, Vu e (x)) ,p e (x, rjj))\ dx are uniformly bounded with respect to e. 
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Proof. Using Holder's inequality, (|2.1[) . and (|2.9|) . we obtain 

\{A e (x,p e (x,T]j)) , Vu e (x))\ dx < / \A e (x,p e {x,r}j))\\Vu £ (x)\dx 



< C 



1 

\ 12 



XlWil + lptix^D^dx) +1 X e 2(x)(l + \p e (x, V] )\rdx 



< C, where C does not depend on e. 

The proof of the uniform boundedness of / \(A e (x, Vu e (x)) ,p e (x, T)j))\ dx follows 

in the same manner. □ 

Lemma 5.7. As e — > 7 up to a subsequence, (A e (-,Pe (•, Vj)) > Vtt e (-)) converges 
weakly to a function gj G L (Oj-;M), /or a/Z j = 0, ...,m. in a similar way, up 
to a subsequence, (A e (•, Vu c (-)) ,p c (■, JX,)) converges weakly to a function hj G 
L X (%M), /or aZZj = 0,...,m. 

Proof. We prove the first statement of the lemma, the second statement follows in 
a similar way. The lemma follows from the Dunford-Pettis theorem (see [4]). To 
apply this theorem we establish the following conditions: 

(1) / \(A e (x,p e (x, rjj)) , Vu e (x))| dx is uniformly bounded with respect to e 

(2) For all j — 0, m, (A e (-,p e (•, rjj)) , Vu c (-)) is equiintegrable. 

The first condition is proved in Lemma 15.61 For the second condition, we have 
that xi(-) \A e {■,p e (-,n J ))\ q2 and xl(-) \ A e {■,p c {-,rj j ))\ qi are equiintegrable (see for 
example Theorem 1.5 of [4]). 

By (|2.9p . for any £ C f2, we have 

max jsup | ^ x!(^) \Vu e (x)\ Pi dx^j j j < C. 

Let a > arbitrary and choose a.\ > and c*2 > such that a^ 92 +a^ 91 < a/C. 
For ai and da, there exist A(«i) > and A(«2) > such that for every E C Q 
with \E\ < min {A(ai), A(a 2 )}; 

Xi(x) \A e (x,p e (x,r]j))\ q2 dx < cti, and / X2( x ) \Ae (x,p e (x, r? 3 ))| 91 dx < a 2 - 

Je 

Take A = X(a) = min {A(«i), A(a2)}. Then, for all E C Q with \E\ < A(a), we 
have 



\(A e (x,p e (x,rjj)) , Vu e (a;))| dx < / |j4 6 (x,p e (x, rjj))\ |Vu £ (x)| dx 

E JE 

< UxlW \A e (x,p e (x,rjj))\ q * dx^j 52 ^ X £ iW \Vu e (x)\ Pl dx^j ' 

+ (j^xK*) \A (x,Pe {x,m)T 91 ^Xlix) \Vu e (x)\ P2 dx 

< C{a\ /q2 +a 2 /qi ) < a, 

for every a > 0, and so (A e (-,p e (-,rjj)) 1 ^ M e(0) i s equiintegrable. □ 
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6. Proof of Main Results 

6.1. Proof of the Corrector Theorem. We are now in the position to give the 
proof of Theorem 12.61 

Proof. Let u t e Wq' Pi (fi) the solutions of (|23)) . By (|ZS]> . we have that 

[ X [{x) \ Pe (x,M e Vu{x)) - Vu e (x)\ Pl + x e 2 (x) be (a;,M e V«(x)) - Vu e (x)| P2 ]dx 

<C (A e (x,p e (x,M e Vu(x))) ~ A e (x,\7u t (x)) ,p e (x,M e Vu(x)) ~Vu e (x))dx 
Jn 

To prove Theorem 12.61 we show that 
(A e (x,p e (x, M e Vu(x))) - A e (x, Vu e (xj) ,p e (x, M e Vu(xj) - Vu e (x)) dx 



n 

= / (A e (x,p e (x,M e Vu)) ,p e (x,M e Vu))dx - (A e (x,p e (x,M e Vu)) ,Vu e )dx 
Jn Jn 

(A e (x, Vu e ),p £ (i, M e \7u))dx+ / (A e (x, Vw e ) , Vw e ) dx 
n Jn 

goes to 0, as e —> 0. This is done in four steps. 
In what follows, we use the following notation 

STEP 1 

Let us prove that 



{A e (x,p e (x,M e Vu)) 1 p e {x,M e \'u))dx -> / (b(Vu),Vu)dx (6.1) 
n Jn 

as e — > 0. 

Proo/. From (|2~T3j) and (|2~2U)) . we obtain 

(A e (x,p e (x, M e Vu(x))) ,p e (x,M e Vu(x)))dx 

(A e (x,p e (x,M e Vu{x))) ,p e (x, M e Vu(x))) dx 

ZiWlHl^) Hi-*)) 
e "E / ( A (v>p(v>®)>p(v>£)) d v 

Y\ f X Yi(x)(b(C),C)dx= [ (b(M e Vu(x)),M e Vu(x))dx. 
„v- r Jn Jn 
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By (|2.10|) . the definition of qi, and Holder's inequality we have 
\b{M e Vu(x)) - b(\7u(x))\ qi dx 



< C 



|M £ Vu(s) - Vm(s)| P2 dx 



(P2-1)(P1-1) 



+ yj |M £ Vu(x) - \7u{x)\ P2 dx 

From Property 1 of M £ , we obtain that 

b(M e Vu) -> b{Vu) in L qi (fi; M"), as e -> 0. (6.2) 
Now, dni]) follows from ([12]) since M £ Vw -> Vu in i^(r2;R"), so 

(A £ (x,p £ (x,M £ Vu(x))) ,p £ (x,M e Vu(x)))dx = [ (b(M £ Vu{x), M e Vu(x)) dx 

(b(Vu(x)),Vu(x)) dx, 



as e -> 0. □ 
STEP 2 

We now show that 

(A e (x,p e (x,M e Vu(x))),Vu e (x))dx^- / (b(Vu(x)),Vu(x))dx (6.3) 
as e — >• 0. 

Proof. Let <5 > 0. From Theorem 12.51 we have Vu £ L P2 (£7;R ra ) and there exists a 
simple function ^ satisfying the assumptions of Lemma 15.31 such that 



|Vw-*|| LP2(0;R „) < S. 



(6.4) 



Let us write 

(A e (x,p e (x,M £ Vu(x))) ,Vu e (x))dx 

(A e (x,p e (x, *)) , Vu £ ) + / (A e (x,p £ (x, M £ Vu)) - A £ (x,p £ (a:, *)) , Vu e ) dx. 
We first show that 

/ (A e (x,p £ (x,*(x))) , Vm £ (x)) dx -> / (6(^>(x)), Vu(x)) dx as e 0. 
Jn Jn 

We have 

m /. 

(A £ (x,p £ (x, *(x))) , \7u e (x))dx = ^ / (A e (x,p e (x,?]^)) , Vu £ (a;))dx. 



Now from ([235]) , we have that A £ (-,p £ (-.ry)) ^ &(%) G i 92 (0 3 ;M"), and by 
(HH, / (A £ (x,p £ (x,r 7j )),V^(x))dx = 0, for^e W^ 1 ^-)- 
Take <^ = 6u £ , with 8 £ Co°(%) to get 
0=/ (A e (x,p e (x,r)j)) ,(V8)u e )dx + (A e (x,p e (x,r)j)) ,(Vu e )8)dx. 
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Taking the limit as e — > 0, and using the fact that u e u in W ,Pl (Cl) and 
()2.19|) , we have by Lemma 15.71 that 

gj(x)5(x)dx — lim / (A e (x,p e (x, r)j)) , (Vu £ )5) dx = f {b(r]j), (Vu)<5) dx 
Therefore, we may conclude that gj = (b(i]j),S7u), so 

n p n p 

S ) j I (A e (x,p e (x, rjj)) , Vu e (x)) dx — >• \_. / (HVj): Vtt(a;)) dx, as e — >• 0. 
Thus, we get 

(A e (x,p e (x,$f(x))) , Vu e (x))dx -> / (6(*(a;)), Vu{x))dx, as e ->• 0. 

Jn 

On the other hand, let us estimate 

{A e (x,p e (x, M e Vu(z))) - A £ (x,p e (x, *(ar))) , Vn e (x)) dx. 
By (|2.ip and Holder's inequality we obtain 



(A e (x,p e (x, M £ Vu(x))) - A e (x,p e (x, *(x))) , Vu e (i)) dx 



(6.5) 



" ° \L X{{X) ,Pe ^ MeVu) ~ Pe (X ' * )|P1 J [Jn X{{X) |VWe ' Pl dX 
x Qf xi (s) (1 + \p e (x, M t Vu)\ pi + \p e {x, *) | P1 ) 



/ xKa) (1 + \p t (x, M t Vu)r + \Pe (x, n P2 )dx 
Applying (|2.9[) . (I5.4p . and Lemma [5TTI to the right hand side of (|6.5[) . we obtain 



(A e (x,p e (x, Af £ Vw(x))) - A e (x,p e (x, *(x))) , Vu e (x)) dx 
< C xl(x) \ Pe {x, M e Vu{x)) - p t (x, *(x))\ Pl dx 

+ (^j X%{x) \Pe {X, M e Vu{x)) - p e (X, *(x)) \ P2 d:r 

Applying Lemma 15.31 and (|6.4I) to (16.61) , we discover that 

(A e (x,p £ (x, M e Vu(x))) - A t (x,p £ [x, , Vu £ (x)) dx 

(5 qi +S q2 )^ + {5 qi +S q2 )~k 



(6.6) 



lim sup 

< C 



(6.7) 



where C is independent of 5. Since S is arbitrary we conclude that the limit on the 
left hand side of (|6.7[) is equal to 0. 
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Finally, using the continuity of b and Holder's inequality we obtain 



(6(Vu(x)) - b(V{x)), Vu(x)) dx 



< C 



§ (pi-i)<P2-i) -f S'pi- 1 ^ 



where C does not depend on S. 

Step 2 is proved noticing that S can be taken arbitrarily small. □ 

STEP 3 

We will show that 

(A e (x, Vti £ (s)) ,p e (x, M e Wu(x))) dx -> / (6(Vu(x)),Vu(x))dx (6.8) 
in Jn 

as e — > 0. 

Proof. Let (5 > 0. As in the proof of Step 2, assume ^> is a simple function satisfying 
assumptions of Lemma [5731 and such that ||Vu — ^ r |li,P2(n-R«) < ^- 
Let us write 



(A e (x, Vw £ (x)) ,p e (x, M e Vu(x))) da; 

(A e (x, Vu e (x)) ,p e (x, dx 

+ / (A e (x,Vu £ (x)),p e (x,M e Vu(x)) -p e (x,*(x)))dx. 
We first show that 

(A e (x, Vu e (x)) ,p e (x, $(x))) dx ->■ / (6(Vu(x)) ,*(x))dx. 

is] 

We start by writing 

m « 

(A e (x, Vw e (x)) ,p c (x, *(x)))dx = ^2 / (A e (x,Vu e (x)) ,p e (x,r]j))dx. 

From Lemma T5.71 up to a subsequence, (A e (•, Vw e ) ,p e G,^)) converges weakly 
to a function fyj s -^(fl^K), as e — s> 0. 

By Theorem O we have A e (•, Vw e ) b(Vu) G L 92 (0;R") and 

-div (A e (x, Vit E )) = / = -dw (6(Vit)) . 

From (j2T71) . p e satisfies p e (-, % in i? 1 (0,-, JET). 

Arguing as in Step 2, we find that (A e (x, Vu e (x)) ,p c (x, %)) — 1 (b(\7u(x)),r)j) 
in D (fij), as e -> 0. 

Therefore, we may conclude that /ij = (fe(Vu), 77^-), and hence, 

^2 i A A x ^ u e(x)) ,p e (x,V]))dx (&(Vu(x)),?7 J )dx, as e ^ 0. 



j=o Jn J 



j=0 " n i 



Thus, we get 

/ (Ae (x, Vtte(x)) ,p e (x, *(x)))dx ->• / (6(Vu(x)), *(x)) dx, as e ->• 0. 
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Moreover, applying Holder's inequality and (|2.1|) we have 
(A £ (x, Vu £ (x)) ,p e (x, M £ Vu(x)) - p e (x, *(x))) efo 



n 

< C 



Xi (1 + |Vu e 



+ (y x5a+iv« e ir 

As in the proof of Step 2 we see that 



Xi |p e (x, M £ Vu) - V e (x, V)\ P1 dx 
Xl \ P e (x,M £ Vu)-p e (x^)\ P2 dx 



lim sup 



(A e (x, Vu £ ) ,p £ (x, M £ Vu) - p e (x, *)) dx 



< C 



■ (5 p 2 



where C does not depend on 8. 

Hence, proceeding as in Step 2, we find that 



lim sup 

e-s-0 

< C 



(A e (x, Vu £ ) ,p e (x,M e Vu))dx - I {b(Vu),Vu)dx 



(5W^ +5^+0+ ||6(V«)[[ iea(0iHB) 5^ 



where C is independent of 5. Now since 6 is arbitrarily small, the proof of Step 3 
is complete. □ 

STEP 4 

Finally, let us prove that 

(A £ (x, Vw £ (x)) , Vm £ (x)) dx - 

Proof. Since 

(A e (x, Vu £ ) , Vit £ ) dx = (—div (A e (x, Vit £ )) , u £ ) = (/, u £ ) , 



(6(Vu(x)), Vu(x))dx, as e -> 0. (6.9) 



(6(Vit), Vtt) da; = (-diu (6 (Vtt)) , u) = (/, tt) 
and u £ — 1 u in Vl^ 1 ' J ' 1 (f2), the result follows immediately. 

Finally, Theorem [231 follows from ([tTTj) . (jOf . ([6"-8]) and (|6J|) . 



(6.10) 

(6.11) 
□ 
□ 



6.2. Proof of the Lower Bound on the Amplification of the Macroscopic 
Field by the Microstructure. The sequence {%f (x)Vti e (x)} e>0 has a Young 
measure v % — {vt \ ,_„ associated to it (see Theorem 6.2 and the discussion follow- 
ing in [16]), for i = 1, 2. 

As a consequence of Theorem 12.61 proved in the previous section, we have that 

\xt(x) P (~,M e (Vu)(x)) - xt(x)Vu e {x) 

as e — > 0, which implies that the sequences 

{xf(x)p(~,M e (Vu)(x))j and { X f (x)Vu e (x)} e>0 

^ U / J €>0 

share the same Young measure (see Lemma 6.3 of [16]), for i — 1,2. 
The next lemma identifies the Young measure z/. 



LPi(fi;R") 



-+o, 



CORRECTORS AND FIELD FLUCTUATIONS... 



2:t 



Lemma 6.1. For all cj> £ C (K n ) and for all ( e Cg°(R n ), we have 

CO) [ cj>{\)dui{\)dx= [ CO) [ ^( X i(y)p(y,Vu(x)))dydx (6.12) 



IQ J R n Jfl JY 

Proof. To prove (j6"T2|) . we will show that given e C (R") and C G C(f (R n ) that 



lim 



I / CO)^(xfO)p(f,^CvV)0) 



da; 



= / CO) / &(Xi(y)p(y,Vu(x)))dydx. 
Jn Jy 



3.13) 



We consider the difference 
C0¥ (xi (*) P (p M e (Vu)(ar))) cfe - y CO) y (x< (»)p (tf, Vu(x))) dydz 

E ^ C(»)0 (xi (f ) P (f , £)) - | CO) / (X< GO P (V, V«(x))) dydx 

(6.14) 



c|o\n e 



Note that the term C |fi \ fi e | goes to 0, as e —} 0. Now set x\ to be the center of 
Y*. On the first integral use the change of variables x = x\ + ey, where y belongs 
to Y, and since dx = e n dy, we get 

E j yi CO)0 (% (f ) P (f , £)) <k - E CO) J y <f> (Xi (y) P (V, Vti(*))) dydx 

E^" / cOe+^My)p(y,£))^ 

E / CO) / <t>(Xi(y)p(y,^u(x)))dydx 
rr T Jy} Jy 



Applying Taylor's expansion for £, we have 



< 



< 



y* Jy 



E /_(CO) + CO(e)) [^(x i (2/)p(y,C))-0fc(y)p(y,V W O)))]dyda ; 
■ie/, 

- CO(e) 



ICO)l / 10 (x« {y)p{y, M ^u{x))) - <t>{xi (y)p(y, VuO)))| dydx 

CO(e) 



Because of the uniform Lipschitz continuity of 0, we get 



< C 



ICO) I / \p(y,M e Vu(x))-p(y,Vu(x))\dydx 



CO(e) 
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By Holder's inequality twice and Lemma l5.2| we have 

1/92 



< C 



\c(x)\ q2 dx 



x (1 + \M e Vu{x)\ Pl 9 X + \M e Vu(x)\ P2 9 2 + \Vu(x)\ Pl 8 X + \Vu(x)\ P2 9 2 )~ 



+ \M e Vu(x) - Vu(a;)|' , 2-i 



1P2- 1 



P2- 2 \ 

x (1 + \M e Vu{x)\ Pl 6>i + \M e Vu(x)\ P2 9 2 + |Vu(a;)| Pl 6>i + \Vu(x)\ P2 9 2 )"^- 1 Jdx 



i/pi 



+ / \((x)\ qi dx 



1/91 



|M e Vw(x) - Vu(x)|"i 

x (1 + \M e Vu{x)\ Pl 9 1 + \M t Vu{x)\ P2 9 2 + \Vu(x)\ Pl 9 X + \Vu{x)\ P2 9 2 ] 
+ \M e Vu(x) - Vu(a;)|^ 2rr 9^ 

x (1 + |il/ e Vu(a;)| Pl 9i + \M e Vu(x)\ P2 9 2 + |Vu(a;)| Pl 9 X + \\7u{x)\ P2 9 2 S 7 ^" J d.r 
+ CO(e) 

Applying Holder's inequality again, we get 



1 1/P2 



< c 



\M e Vu(x) - Vu(x)\ Pl dx 



+ / \M e Vu{x) - Vu{x)\ P2 dx 



+ C 



\M e Vu{x) - Vu{x)\ pi dx 



+ / \M e Vu{x) - X/u{x)\ P2 dx 



i/pi 
dx 

1/P2 



CO(e). 



Finally, from the approximation property of M c in Section 12.2.11 as e — > 0, we 
obtain (EHS)) . 

Therefore, from Proposition 4.4 of [T7] and (|6.13p we have 



R" 



C(x) / <f>(\)dvU\)dx = / C(x) / <f>(Xi(y)p(y,Vu(x)))dydx 



lim 



ax)ct>(xl(x)p(-,M e (Vu)(x) 
< lim / ^{x)(t){Xi{x)Vu e {x))dx, 



dx 



for all (f> 6 C (M n ) and for all £ e C£°(R n ). 

The proof of Theorem 12 . 71 follows from Lemma T6. II and Theorem 6.11 in 



□ 



CORRECTORS AND FIELD FLUCTUATIONS. 
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7. Summary 

In this paper we consider a composite material made from two materials with dif- 
ferent power law behavior. The exponent of the power law is different for each mate- 
rial and taken to be p± in material one and pi in material two with 2 < p\ < P2 < oo. 
For this case we have introduced a corrector theory for the strong approximation 
of fields inside these composites, see Theorem 12.61 The correctors are then used 
to provide lower bounds on the local singularity strength inside micro-structured 
media. The bounds are multi-scale in nature and quantify the amplification of 
applied macroscopic fields by the microstructure, see Theorem 12.71 These results 
are shown to hold for finely mixed periodic dispersions of inclusions and for layers. 
Future work seeks to extend the analysis to multi-phase power law materials and 
for different regimes of exponents p\ and pi ■ 
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